Purpose: Penile buckling force was analytically described in terms of its constituents. In addition, theoretically-derived buckling force data were compared to clinically measured data and the in¯uence of each constituent on penile buckling force data was assessed. Methods: Using engineering buckling theory for a column, a mathematically-derived penile buckling model was developed which incorporated geometric and hemodynamic data obtained by dynamic infusion pharmacocavernosometry studies in 21 impotent patients (age 43, range 24±62 y) as well as penile tissue mechanical characteristics previously developed (Part I). Results: In 17 of 21 patients the mean difference between theoretically derived and clinically measured buckling force data was 0.33 AE 0.25 kg (r 0.96). Factors which increased penile buckling forces were: (1) high intracavernosal pressure values (rigidity was related to pressure in an exponential-like fashion); (2) high penile aspect ratio (D/L) values (relatively large diameter/ short length penile geometry) and high¯accid diameter; and (3) high cavernosal expandability values (a measure of the ability of the corpora to approach its erect volume with relatively low intracavernosal pressures). Conclusions: Pressure-volume data (pressure, geometry and tissue characteristics) obtained during erectile function testing have been shown, for the ®rst time, to theoretically predict the magnitude of clinically-measured penile buckling forces.
Introduction
Impotence, the consistent inability to obtain or maintain an erection suf®cient for satisfactory sexual performance, 1 may be de®ned in terms of the adequacy of penile rigidity. In engineering nomenclature, impotence may occur when inadequate penile rigidity causes curving, leading to deformation (buckling) of an otherwise straight column (erect penile shaft anchored to the perineum and terminating in the glans penis) when subjected to suf®ciently large axial compressive loading. This may be the result of axially applied forces associated with initial vaginal intromission (Figure 1a ) or to axial compressive and lateral constraining forces from contact with the vaginal sidewalls during continued pelvic thrusting (Figure 1b) .
Axial penile rigidity is measured by penile buckling forces which are shown to be dependent on three factors: (1) intracavernosal pressure, 2 (2) penile geometry 3 and (3) penile tissue material properties 4 (de®ned in Part I). The intent of this portion of the multi-study engineering investigation of penile hemodynamic and structural-dynamic relationships (Part II) was to analytically describe, for the ®rst time, penile buckling forces during initial coital penetration in terms of its constituents and to compare theoretically derived buckling force data to that clinically measured during erectile function testing. Future studies will investigate the factors associated with buckling during continued pelvic thrusting. It is anticipated that such engineering-based penile rigidity research will improve the understanding of the numerous mechanisms involved in impotence pathophysiology.
Methods

Pharmacocavernosometry
The methodology utilized in the patients who underwent pharmacocavernosometry during the period May to June 1994 has been fully described. 5 Penile buckling forces F buc were de®ned in this study as the magnitude of the axial compressive force (maximum 2 kg) applied to the glans of the erect penis which resulted in pronounced curving such that an additional small force would cause collapse (buckling) of the erect shaft.
Penile buckling forces were determined in the following manner. At 10 mmHg intracavernosal pressure intervals, the axial compressive force observed to cause pronounced curving of the penile shaft was determined to the nearest 0.1 kg. A standard kilogram weight scale with a wide protective cap was applied to the glans penis. 6 Care was taken to apply the compressive force exactly parallel to the long axis of the erect penile shaft. A second observer was used to help con®rm that no buckling force determinations were made at an angle to the erect penile shaft. The downward force on the weight scale was slowly increased and held at the determined penile buckling force for 5±10 s. As the erections were sustained by pharmacologic stimulation with or without saline infusion, repeated buckling measurements were performed until consistency in the value was achieved.
Engineering analysis
The following represents the derivation of the penile buckling model. The engineering theories of buckling are well-established. 7 Euler's formula, (1), provides the expression for the`critical load' or the buckling force, F buc , which induces a column to buckle
where E is Young's modulus of elasticity, L is the column length, and I is the second moment of area of the column cross section about its neutral axis.
(See Appendix for de®nitions.) Equation 1 assumes the two end conditions on the columns are as illustrated in Figure 1a . The following assumptions were made for the mathematically-derived penile buckling model: (1) the penile shaft has a circular cylindrical shape; (2) the neutral axis of a penile cross section lies on the diameter; (3) the modulus of elasticity E c for the corpora is the same in axial and radial directions, namely the tissue is isotropic; (4) the corporal modulus of elasticity E c is the same as that for the pendulous penis E p ; (5) there is equal linear expansion during erection in axial and radial directions, namely D/D F L/L F , where D and L are the diameter and length of the pendulous penis and F is the¯accid state; (6) the pendulous penile volume ratio V/V F is equal to the ratio of the corporal volume; and (7) the dimensionless variables V SE /V and b SE /b are linearly related (b is the corporal bulk modulus, SE is the semi-erect state).
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Based on assumptions 1 and 2, the penile second moment of area
(where the subscript p refers to the pendulous penis) and therefore, from (1), the critical buckling force on the pendulous penile shaft is
Using assumption 3, Young's modulus of elasticity E c of the corpora can be expressed in terms of the corporal bulk modulus, b c by the following relationship, where n c is Poisson's ratio of the corpora (and the subscript c refers to the corpora) (Appendix A)
Substituting into (2) and using assumption 4
By assumption 1, the volume of the pendulous penis V p is
where F represents the¯accid state. Engineering analysis of penile hemodynamics and structural-dynamicsÐPart II D Udelson et al By assumption 5, (4) can be expressed as
Substituting (5) into (3)
Two theoretical equations previously derived [(21) and (30) of Part I] 5 are restated here:
where X, the cavernosal expandability, is previously de®ned in Part I (16). 5 Cavernosal expandability X has dimensions of inverse pressure and re¯ects the ability of the corpora to expand to its erect volume at relatively low intracavernosal pressures. The cavernosal volume ratio in (8) is assumed to be equivalent to the penile ratio by assumption 6. The change in intracavernosal pressure DP is the increase of intracavernosal pressure above the¯accid state. It is noted that (7) was derived using assumption 7. Substituting (7) and (8) into (6) yields
Equation (9) is the ®nal solution which links penile buckling forces (F buc ) associated with axial compressive loading during initial vaginal introital penetration with its underlying three constituents of intracavernosal pressure, penile geometry and erectile tissue mechanical properties. The following expressions in (9) are dimensionless: n c , D/L, V E /V F and XÁP. If penile¯accid diameter D F is expressed in (cm) and cavernosal expandability X in inverse units of pressure (mmHg)
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, the right hand side of (9) is multiplied by 13.55610
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, (the speci®c gravity of Hg is 13.55) to obtain the buckling force in kilograms. To enable numerical calculations from (9), additional assumptions were made. The cavernosal Poisson's ratio was dif®cult to measure directly in vivo; it was assumed to have a magnitude of 1 4 for all patients, based on the fact that 0`n c`1 2 for all isotropic materials. 9 In addition, the penile aspect ratio for each patient, de®ned as the ratio of diameter to length (D/L) p , was taken as the average of the measured values throughout all the intervals in intracavernosal pressure ÁP. For a given patient, there were minimal differences in the value of (D/L) p in the range of pressures studied.
Statistics
Data are presented as mean AE standard deviation. Correlation coef®cients were calculated for the best ®tting curves.
Results
Pharmacocavernosometry
Overall patient diagnostic, geometric and hemodynamic characteristics of the 21 impotent patients who completed the pharmacocavernosometry studies have been previously described. 5 Further geometric and penile tissue mechanical properties are listed in Tables 1 (representing the means and ranges for all 21 impotent patients) and Table 2 (representing individual values in four selected patients). a Calculated for 17 of the 21 patients with cavernosal expandability determined by value which gave the best least squares ®t of the measured penile volumeÐintracavernosal pressure data in each patient and as calculated for 4 of the 21 patients with cavernosal expandability is determined by the best ®t of the buckling force curve to the measured buckling force data.
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Engineering Analysis
Comparison of clinically measured to theoretically derived buckling force data. Theoretically derived penile buckling forces were calculated from (9) using intracavernosal pressure, penile geometry and penile tissue mechanical property variables. The theoretically predicted values were compared to the clinically measured buckling force values during pharmacocavernosometry. Those patients with a mean difference between the theoretically derived and the clinically measured values of 1 kg buckling force or less were separated from those with a mean difference greater than 1 kg force.
Mean error less than 1 kg buckling force. In 17 of the 21 patients, the mean difference between the two buckling force values was 0.33 AE 0.25 kg. Figure 2 is a plot of both theoretically derived and clinically measured buckling forces in four representative patients. The cavernosal expandability X for these individual patients was determined using the theoretic (7) . In this equation, the cavernosal expandability calculated was the value which gave the best least squares ®t of the measured penile volume and intracavernosal pressure data in each patient. The volume-pressure curves for these four patients are previously displayed ( Figure 4 of Part I). 5 Figure 3 is a composite of the theoretic buckling force curves for the four patients. For a given intracavernosal pressure, patients with higher values of buckling force required a larger axial compressive force (vaginal introitus) to produce buckling.
Patient 18 in this sub-group of 17 (out of 21) patients exhibited constant buckling force at higher values of intracavernosal pressure, a trend not predicted by theory (Figure 4 ). The discrepancy is unexplained although this patient had Peyronie's disease and there may have been dif®culty in determining the onset of buckling.
Mean error greater than 1 kg buckling force. The mean difference for the remaining 4 patients was 17.7 AE 26.8 kg when cavernosal expandability X was calculated using the best least squares ®t of the Figure 2 Is a plot of both theoretically derived (solid line) and clinically measured (dots) buckling forces as a function of intracavernosal pressure rise from the¯accid state in four representative patients (same four patients 16, 10, 9, and 7 analyzed as volume-pressure curves in Part I, Figure 4 ). The cavernosal expandability X for these individual patients was determined using the theoretic Equation 7 . In this equation, the cavernosal expandability calculated was the value which gave the best least squares ®t of the measured penile volumeÐintracaver-nosal pressure data in each patient. Patients with higher magnitudes of expandability (for example, patient 10) achieve higher penile buckling forces at lower intracavernosal pressures compared to patients with lower magnitudes of expandability (for example, patient 9).
Engineering analysis of penile hemodynamics and structural-dynamicsÐPart II D Udelson et al measured penile volume versus intracavernosal pressure data in each patient. The appearance of the data for patient 17 is typical of the agreement for the four remaining patients and is shown in Figure  5 . The mean difference between the predicted buckling force and the clinically measured data in this patient was 64 kg and was the highest of the 21 patients. The second highest value was 3.84 kg (for patient 11). This difference is considered to be the result of the error in determining the value of cavernosal expandability X. If cavernosal expandability is determined by the best ®t of the buckling force curve to the measured buckling force data (instead of volume curve ®t to measured volumes), the result is revealed in Figure 6 . The lower curve in each of the two plots represents the best ®t for the buckling force data and the upper curve (identical to Figure 5 ) the best ®t for the volumetric data. It is observed that the new value of cavernosal expandability X produces both a better ®t to the buckling data and a very small shift in the theoretical volumetric curve. This error tended to occur for Figure 3 This is a composite of the theoretic buckling force curves for the four patients. For a given intracavernosal pressure, patients with higher magnitudes of expandability achieved higher values of buckling force, that is, they required a larger axial compressive force (vaginal introitus) to produce penile buckling. Effect of intracavernosal pressure on buckling force data. The`average' curve in Figure 7 (or 8 or 9) depicts the effect of intracavernosal pressure variation on buckling force for a typical theoretical case, with the geometric (D/L) (D F ) p and tissue mechanical property variables ®xed at the mean values in Table 1 . Increasing the intracavernosal pressure 20 mmHg from an initial low pressure value 10 mmHg, resulted in a slight increase in buckling force of 0.27 kg. However, over the same 20 mmHg intracavernosal pressure interval from a higher intracavernosal pressure 30 mmHg, there was a marked increase in buckling force of 1.53 kg. This represented a rise in buckling force of 467% over an equal 20 mmHg pressure interval. The relationship between buckling force and intracavernosal pressure was complex (9) but resembled an exponential-like equation.
Effect of geometry (penile aspect ratio,¯accid penile diameter) on buckling force. Figure 7 presents three theoretical buckling force curves (`average', high',`low') representing the mean, high and low values of (D/L) p for the 21 patients with the other parameters equal to the average values for the 21 patients ( Table 1) . Examples of the two extremes of D/L are discussed; a high D/L ratio, consistent with a short, thick erect penis and a low D/L ratio, consistent with a long, thin erect penis. At ÁP 45 mmHg, a patient having the highest D/L Figure 5 (a,b) This F buc vs intracavernosal pressure curve (Figure 5b ) is based on data from patient 17 and is typical of the that seen in the four patients with a mean difference greater than 1 kg between predicted buckling force and clinically measured data. In this patient, the difference was 64 kg, the worst of these four patients (the next worse case difference was 3.8 kg in patient 11). The discrepancy between predicted buckling force and clinically measured may occur when determining the value of cavernosal expandability X by the best ®t of theory to measured volumes (a) in patients having low distensibility values. The four patients with the poor agreement between average predicted and actual buckling forces had low magnitudes of distensibility; this patient 17 had the lowest distensibility value of 1.7.
Engineering analysis of penile hemodynamics and structural-dynamicsÐPart II D Udelson et al ratio (F buc 1.89 kg) could withstand a buckling force 115% greater than a patient having the lowest D/L ratio (F buc 0.88 kg). A short thick erect penis, all other parameters being equal, thus has a greater ability to overcome initial vaginal introital resistance than a long, thin erect penis. Using (9), it is evident that penile buckling forces are directly proportional to the square of the magnitude of the¯accid penile diameter. In the 21 patients the ratio of the largest¯accid diameter (3.34 cm) to the smallest¯accid diameter (2.23 cm) was 1.5 or when squared is 2.24. Thus, all other parameters being equal, a patient with the largest accid diameter could withstand buckling forces double the magnitude of the patient with the thinnest¯accid penile diameter.
Effect of tissue mechanical properties on buckling forceÐcavernosal expandability X. Figure 8 presents three theoretical buckling force curves representing the mean, high and low values of cavernosal expandability X for the 21 patients with the other parameters equal to the average for the 21 patients ( Table 1) . Examples of the two extremes of cavernosal expandability X are discussed; a high expandability value, consistent with erectile tissue that has initial rapid expansion with increasing intracavernosal pressure and a low expandability value, consistent with erectile tissue that initially expands minimally with increasing intracavernosal pressure. At ÁP 30 mmHg, other parameters being equal, a patient having the highest expandability value (F buc 2.16 kg) could withstand a buckling force 1685% greater than a patient having the lowest expandability value (F buc 0.121 kg). A penis with a lower pressure needed to achieve its erect volume (higher expandability), other parameters being equal, has a greater ability to overcome introital resistance than a penis requiring a larger pressure (lower expandability) to achieve its erect volume. Figure 6 (a,b) Cavernosal expandability is determined by the best ®t of the buckling force curve to the measured buckling force data (lower curves in a, b), instead of volume curve ®t to measured volumes (upper curves in a,b) which are identical to (Figure 5a,b) . It is observed that the new value of cavernosal expandability X (lower curve) produces both a better ®t to the buckling data and a very small shift in the theoretical volumetric curve (lower curve). The new mean difference between calculated and measured buckling force data for patient 17 is 0.22 kg.
Tunical distensibility V E /V F . Figure 9 presents three theoretical buckling force curves representing the mean, high and low values of tunica distensibility for the 21 patients with the other parameters equal to the average values for the 21 patients ( Table  1) . Examples of the two extremes of tunica distensibility are discussed; a high distensibility value, consistent with tunical properties that enable maximum extension of erect corporal volume and a low distensibility value, consistent with tunical properties that enable minimal extension of erect corporal volume. At ÁP 45 mmHg, a patient having the highest tunica distensibility value (F buc 1.38 kg) could withstand a buckling force 17% greater than a patient having the lowest distensibility value (F buc 1.18 kg) other parameters are assumed equal.
Discussion
Potency is the product of an erection with adequate and sustained penile rigidity to prevent buckling by and others have reported similar penile rigidity dependancy on pressure. It has been noted, however, that a wide range of pressures (55±150 mmHg) has been associated with adequate penile rigidity. The relationship between intracavernosal pressure and buckling force was examined in this study (Figures 7, 8 and 9) . From an initial low intracavernosal pressure value of 10 mmHg, increasing the pressure 20 mmHg was found to increase buckling force only 0.27 kg for a hypothetical patient having average values of the other parameters. However, from a higher initial intracavernosal pressure of 30 mmHg, increasing the pressure the same 20 mmHg pressure interval, resulted in an increase in buckling force of 1.53 kg, (a rise in buckling force of 467% over an equal 20 mmHg pressure interval). The relationship (9) between buckling force and intracavernosal pressure was found to be complex (9) but resembled an exponential-like equation. It had been proposed that erect penile length and diameter in¯uenced penile rigidity. Desai et al 14 designed a tonometer-based device and found that to register a given penile rigidity value, a longer penis required a larger intracavernosal pressure. Puech-Leao et al 3 examined the relation between geometric dependence and rigidity using ®xed-length but varying diameter rubber cylinders ®lled to ®xed internal luminal pressures with saline. The authors concluded that the intracavernosal pressure required to produce a rigid penile erection was not the same in every individual and that penile geometry constituted a crucial variable de®ning penile rigidity.
The present study revealed that, for the ®rst time, a theoretically-derived formula based on the factors of intracavernosal pressure, penile geometry and tissue mechanical properties had the ability to successfully predict the magnitude of clinically measured penile buckling forces. The scienti®c relevance of this is that the assumptions made in the generation of the mathematically-derived model were appropriate. This includes the suppositions that: the penile shaft had a circular cylindrical shape; the erectile tissue was isotropic; the modulus of elasticity for the corpora was the same as that for the pendulous penis; there was equal linear expansion during erection in axial and radial directions; the relative pendulous penile volume was equal to the relative corporal volume and the magnitude of the cavernosal Poisson's ratio was appropriately selected.
The clinical importance of the successful prediction of penile rigidity is that clinicians will have available to them objective data describing how mechanically successful coitus is dependent upon the relative contributions of underlying rigidity constitutents. In this study, the major factors found to increase penile rigidity were: (1) high values of intracavernosal pressure; (2) high values of penile aspect ratio and large¯accid diameter; and (3) high expandability of erectile tissue implying the ability of the corpora to achieve its erect volume at relatively low intracavernosal pressures. Tunical distensibility, the ratio of the erect to¯accid cavernosal volume, on the other hand, had only a small effect on penile Engineering analysis of penile hemodynamics and structural-dynamicsÐPart II D Udelson et al buckling forces. In addition, the average tunical distensibility value produced slightly lower buckling forces than the high or low tunica distensibility values. The unique characteristics of the tunica albuginea and how the tunical properties affect penile rigidity will be the subject of a future study.
Inadequate penile rigidity and impotence may occur in some patients solely on the basis of unusual tissue mechanical factors and/or geometric factors, despite adequate intracavernosal pressure values and suf®cient hemodynamic integrity. Patients choosing treatment by microvascular arterial bypass surgery 15 may have inadequate penile rigidity due to concomitant geometric or tissue mechanical properties and not due to exclusively to abnormal hemodynamic ®ndings of pure traumatic cavernosal arterial insuf®ciency. Such patients will not be improved by the vascular reconstructive procedure.
Conclusion
In summary, penile buckling forces were analytically described in terms of its constituents. The major factors determining penile buckling forces include intracavernosal pressure, penile geometry (penile aspect ratio D/L and¯accid penile diameter) and the penile tissue mechanical property, cavernosal expandability. It will be the aim of an additional portion (Part III) of the overall engineering study to analyze the relationships between penile buckling responses and hemodynamic responses recorded during clinical testing of impotent patients.
